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Abstract.
Motivated by analogue models of classical and quantum field theory in curved
spacetimes and their recent experimental realizations, we consider wave scattering
processes of dispersive fields exhibiting two extra scattering channels. In particular, we
investigate how standard superradiant scattering processes are affected by subluminal
or superluminal modifications of the dispersion relation. We analyze simple 1+1-
dimensional toy-models based on fourth-order corrections to the standard second order
wave equation and show that low-frequency waves impinging on generic scattering
potentials can be amplified during the process. In specific cases, by assuming a
simple step potential, we determine quantitatively the deviations in the amplification
spectrum that arise due to dispersion, and demonstrate that the amplification can be
further enhanced due to the presence of extra scattering channels. We also consider
dispersive scattering processes in which the medium where the scattering takes place is
moving with respect to the observer and show that superradiance can also be manifest
in such situations.
PACS numbers: 04.62.+v, 04.70.Dy, 47.35.Bb, 03.65.Nk
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1. Introduction and motivation
Experimental realizations of analogue black holes [1, 2] and their associated effects have
drawn a lot of attention in the past few years [3, 4, 5, 6, 7, 8, 9]. Probably the most
discussed results have been the first observation of the classical analogue of Hawking
radiation in an open channel flow [9] and the still controversial observation of radiation
in ultrashort laser pulse filaments [8, 10, 11, 12, 13]. Even though it remains an open
question whether or not real black holes emit Hawking radiation, calculations involving
analogue black holes suggest that the emission process is most probably unaffected
by transplanckian effects that could, in principle, alter or even exclude the radiation
process [14, 15, 16].
Superradiance [17, 18, 19] is another typical phenomenon of black hole physics [20,
21] which is also manifest in analogue models of gravity [22]. In standard scattering
processes, the ratio between the reflected and the incident particle number currents [23]
(i.e. the reflection coefficient) is smaller than one. This is directly encoded by the fact
that the amplitude of the reflected wave is usually smaller than the amplitude of the
incident one in non-dispersive normalized scattering processes. However, in some special
situations (e.g. wave scattering in a Kerr black hole spacetime), low-frequency incident
waves can be amplified in the scattering process. This amplification effect, known
as superradiance, was first discovered by Zel’dovich in the context of electromagnetic
waves [24], and later shown to be a more general phenomenon in physics [18, 19], in
which classical as well as quantum field excitations can be amplified.
The main goal of our work is to analyze the robustness of the amplification process
for dispersive fields. The dispersive fields considered in this paper exhibit two extra
scattering channels, such that one can study the overall robustness of the amplification
process for multiple superradiant scattering. Additionally, in some simplified cases we
also investigate the specific deviations in the amplification spectrum due to dispersion.
The examples discussed in this paper are motivated by analogue models of gravity,
where fields exhibiting sub or superluminal dispersion relations arise naturally.
1.1. Superradiant systems
Before starting our analysis of superradiance for dispersive fields, it is important to
review the basic ingredients that make the phenomenon possible in some simple systems.
For example, in a Kerr black hole, incident scalar field modes of frequency ω and
azimuthal number m 6= 0 are known to be superradiant for sufficiently low frequencies.
Although the Klein–Gordon equation is very complicated when expressed in standard
Boyer-Lindquist coordinates, the radial part of the equation of motion for these modes
can be written, after a change of variables, very simply as
d2u
dr∗2
+ Vω,m(r
∗)u = 0, (1)
where u is related to the radial part of the separated scalar field and r∗ is a tortoise-like
coordinate (which goes to −∞ at the event horizon and reduces to the standard radial
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coordinate r at spatial infinity). Vω,m(r
∗) is the effective potential and possesses the
following asymptotics,
Vω,m(r
∗)→
{
(ω −mΩh)2, r∗ → −∞,
ω2, r∗ → +∞,
(2)
where Ωh is the angular velocity of the black hole at the event horizon. It can be
shown that, for 0 < ω < mΩh, incident modes are superradiantly scattered by the black
hole [25, 20]. The corresponding reflection coefficient is given by
|R|2 = 1− ω −mΩh
ω
|T |2 > 1, (3)
where ω−mΩh
ω
|T |2 is the transmission coefficient. Two factors are responsible for the
occurrence of the effect [19]: first, the event horizon behaves as a one-way membrane
that allows only ingoing transmitted waves (defined by the group velocity) near the
black hole; second, because of the ergoregion of the rotating black hole, low-frequency
ingoing waves are associated with an outgoing particle number current at the horizon
(the current being proportional to ω −mΩh) [23]. This outgoing flux at the horizon is
compensated by the superradiantly reflected modes in such a way that the total particle
number current is conserved during the process.
Another simple system exhibiting superradiance is a massless scalar field φ with
electric charge e and minimally coupled to an electromagnetic potential Aµ = (V (x), 0)
in 1+1-dimensions [17]. The evolution of this system is determined by the Klein–Gordon
equation,
(∂µ − ieAµ) (∂µ − ieAµ)φ = 0, (4)
which, after separation of the temporal dependence (i.e. φ = f(x) exp(−iωt)), reduces
to
d2f
dx2
+ (ω − eV (x))2f = 0, (5)
where ω is the frequency of the mode in question. If the electromagnetic potential V (x)
has the following asymptotic behaviour,
V (x) =
{
0, x→ −∞,
eΦ0, x→ +∞,
(6)
one can calculate the relation between the reflection and transmission coefficients for
incident waves [17]:
|R|2 = 1− ω − eΦ0
ω
|T |2. (7)
Therefore, low frequency (0 < ω < eΦ0)‡ right-moving modes originating from −∞
interact with the scattering potential, resulting in transmitted right-moving modes
‡ It is important to remark that the electric potential is defined only up to an arbitrary constant C.
Therefore, if we redefine V (x)→ V (x)+C, the superradiant condition will be given by 0 < ω−C < eΦ0.
Throughout this paper, we fix the potential by requiring that V (−∞) = C = 0. Consequently, the
condition for superradiance, which is based on the smallness of ω−C, is reduced to a condition on the
smallness of ω.
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and superradiantly reflected (|R|2 > 1) left-moving modes. This is basically the
Klein paradox [26] – see [17] for a detailed explanation of the relationship between
superradiance, the Klein paradox and pair creation. Note that the important ingredients
for superradiance are essentially the same as in the rotating black hole case: firstly,
there is no left-moving mode at +∞ (this is similar to the boundary condition at the
event horizon of a black hole, where no outgoing solutions are allowed); secondly, the
form of the electromagnetic potential allows for low-frequency right-moving modes to
be associated with left-moving particle number currents at +∞.
2. Modified dispersion relations
In order to study how a modified dispersion relation affects superradiance, we shall first
generalize the simple, non-dispersive, 1+1-dimensional model above [17] by including
fourth-order terms in (4). Inspired by the quartic dispersion relation Ω2 = k2 ± k4/Λ2,
where Λ is a dispersive momentum scale and the ± notates super and subluminal
dispersion respectively, we propose the following generalization of (4),
∓ 1
Λ2
∂4xφ+ (∂µ − ieAµ) (∂µ − ieAµ)φ = 0, (8)
which can be obtained from the following action for the complex scalar field φ,
S =
∫
dtdx
{
[(∂µ − ieAµ)φ] [(∂µ + ieAµ)φ∗]± 1
Λ2
(
∂2xφ
) (
∂2xφ
∗
)}
. (9)
After separating the temporal dependence in (8), instead of (5), one obtains
∓ 1
Λ2
f ′′′′ + f ′′ + (ω − eV (x))2 f = 0, (10)
where f represents the field mode with frequency ω > 0 and prime denotes derivative
with respect to x. We choose the effective frequency Ω(x) = ω − eV (x) to satisfy
asymptotic relations similar to those in (2) and (6),
Ω2(x) =
{
ω2, for x→ −∞,
(ω − eΦ0)2 , for x→ +∞,
(11)
where eΦ0 is a positive constant. In the asymptotic regions, the solutions of (10) are
simple exponentials, exp (ikx), whose wavenumbers k satisfy the dispersion relations
below,
∓ k4/Λ2 − k2 + ω2 = 0, x→ −∞, (12)
∓ k4/Λ2 − k2 + (ω − eΦ0)2 = 0, x→ +∞. (13)
In the subluminal case (lower sign), real solutions (ω, k) to the dispersion relation
correspond to the intersections of a lemniscate (figure-eight) and a straight line, see
Superradiant scattering of dispersive fields 5
FIG. 1. In the superluminal case (upper sign), real solutions correspond to the
intersections of a quartic curve and a straight line, see FIG. 4. In order to relate the
asymptotic solutions at +∞ and −∞ without having to solve the differential equation
for all values of x, one needs a conserved quantity analogous to the Wronskian for second
order wave equations. Since our model is non-dissipative, we expect such a quantity to
exist [27]. In fact, by calculating the x-component of the Noether current associated
with the symmetry φ→ eiαφ, it is possible to show that the expression
Z[f ] = W1 +W2 ∓ Λ2W3, (14)
where
W1 = f
′′′∗f − f ∗f ′′′,
W2 = f
′∗f ′′ − f ′′∗f ′, (15)
W3 = f
′∗f − f ∗f ′,
generalizes the notion of the Wronskian§ to our dispersive model, i.e. dZ/dx = 0 for any
solution f of (10). Furthermore, it is convenient to work with the scaled functional X
whose action on a function f is defined by
X [f ] =
Z[f ]
2iΛ2
. (16)
In particular, the action of X on a linear combination of ‘on shell’ plane waves
(wavenumbers satisfying the dispersion relation) is simply
X
[∑
n
Ane
iknx
]
=
∑
n
Ω
dω
dkn
|An|2. (17)
We would like to emphasize the simplicity of the algebraic expression above, which
only depends on the amplitudes, effective frequencies and group velocities of the various
scattering channels participating in the scattering process. Throughout the paper, we
shall refer to (17) as the particle number current since it generalizes the usual notion of
particle number current associated with a complex Klein-Gordon field.
2.1. Subluminal scattering
Based on the general notion of superradiance described in the introduction, we will study
the scattering process of incident waves originating from x→ −∞ in the presence of a
subluminal dispersion. In realistic scenarios, we do not expect the dispersion relation
Ω2 = k2−k4/Λ2 to have a maximum/minimum value above/below which only imaginary
solutions of the dispersion relation are possible. Therefore, in order to guarantee that at
§ For the standard 2nd order wave equation, W1 = W2 = 0 and the functional W3 is the conserved
quantity commonly referred to as Wronskian. For Klein–Gordon fields, the Wronskian can be
interpreted as the particle number current.
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Figure 1. The dispersion relation for the subluminal case shown in terms of the
dimensionless variables k/Λ and Ω/Λ, where k is the wavenumber and Ω = ω− eV (x)
is the effective frequency. The green dash-dotted line represents Ω = ω when x→ −∞
while the blue dashed line corresponds to Ω = ω−eΦ0 when x→∞. Here 0 < ω < eΦ0
is the fixed lab frequency satisfying the condition for superradiance. We have indicated
the incident mode by a black square dot, the transmitted and reflected modes by black
circular dots and the remaining solutions of the dispersion relation by white circular
dots.
least one real mode is present in the dispersion relation, we assume that the dispersion
parameter Λ is large compared to the electromagnetic interaction, i.e. we assume that
eΦ0 < Λ/2. In such situations, the behaviour of the solutions to (10) in the asymptotic
limits is captured in FIG. 1, where the green dash-dotted (Ω = ω) and the blue dashed
(Ω = ω − eΦ0) lines represent the effective frequency when x → −∞ and x → +∞,
respectively. Note that there exist four roots, corresponding to four propagating modes
as one would expect from a fourth order differential equation. We also note that, when
ω < eΦ0, the blue dashed line is located below the Ω = 0 axis and the roots in the
region x → +∞ inherit a relative sign between their group and phase velocities with
respect to the roots at x → +∞ (compare the intersections of the green dash-dotted
line (x→ −∞) and the blue dashed line (x→ +∞) with the red solid curve).
We label the four roots associated with a frequency 0 < ω < eΦ0 as ka < kb <
kc < kd when x → −∞ and as kA < kB < kC < kD when x → +∞ (they correspond
to the intersections of the straight lines with the figure-eight in FIG. 1). The following
table summarizes the character of these modes, where u and v notate right-movers and
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left-movers respectively,
Roots at
x→ −∞
a b c d
group veloc-
ity
u v u v
phase veloc-
ity
v v u u
effective fre-
quency
+ + + +
Roots at
x→ +∞
A B C D
group veloc-
ity
v u v u
phase veloc-
ity
v v u u
effective fre-
quency
- - - -
Since, in this setup, there is only one source of waves, located at x→ −∞, and no
incoming signal from x → +∞, we impose the boundary condition that the modes A
and C are unpopulated in the scattering process. Furthermore, we choose the incoming
mode at x → −∞ to be entirely composed of low-momentum c modes with no high-
momentum a mode component.‖
The corresponding solution of (10) in the asymptotic limits is
f →
{
eikinx +R1e
ikr1x +R2e
ikr2x, x→ −∞,
T1e
ikt1x + T2e
ikt2x, x→ +∞,
(18)
where the wavenumber of the incident mode is given by kin = kc, the reflected modes
are given by kr1 = kb, kr2 = kd, and the transmitted modes are kt1 = kB, kt2 = kD. In
addition, the coefficients R1, R2, T1 and T2 can be related to reflection and transmission
coefficients (see (20) below).
In the asymptotic regions, it is possible to solve exactly the dispersion relation and
find the following explicit expressions for the roots,
kin = −kr1 =
Λ√
2
√
1−
√
1− 4ω
2
Λ2
,
kr2 =
Λ√
2
√
1 +
√
1− 4ω
2
Λ2
, (19)
kt1 = −
Λ√
2
√
1−
√
1− 4(ω − eΦ0)
2
Λ2
,
kt2 =
Λ√
2
√
1 +
√
1− 4(ω − eΦ0)
2
Λ2
.
‖ Note that here, and everywhere else in this paper, we consider only stimulated scattering processes
in which the ingoing high momentum channels are suppressed. This is not applicable to spontaneous
scattering processes, where the quantum vacuum naturally supplies all ingoing, low and high,
momentum modes.
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In order to compare the particle number current of the reflected waves with
the incident and transmitted currents, we substitute (18) into the expression for
the conserved generalized Wronskian (16) and find, after straightforward algebraic
manipulation, the following relation between the coefficients R1, R2, T1 and T2,
|R1|2 +
∣∣∣∣kr2kin
∣∣∣∣ |R2|2 = 1 +
√
Λ2 − 4(ω − eΦ0)2
Λ2 − 4ω2
(∣∣∣∣kt1kin
∣∣∣∣ |T1|2 +
∣∣∣∣kt2kin
∣∣∣∣ |T2|2
)
> 1. (20)
This relation should be compared to the standard result for non-dispersive 1D
scattering, |R|2 = 1 − |T |2, and its generalization in the presence of an external
potential, |R|2 = 1− (ω−eΦ0)|T |2/ω, see (7). As discussed above, in the non-dispersive
case it is possible to achieve |R| > 1 for sufficiently low frequency scattering with
0 < ω < eΦ0. For fields with subluminal dispersion relations, the conclusion is similar.
From expression (20) above, which is valid only when 0 < ω < eΦ0 < Λ/2, we conclude
that the total reflection coefficient (i.e. the ratio between the total reflected particle
number current and the incident current) is given by the LHS of (20) and is always
greater than one, characterizing a generalization of the usual superradiant scattering
which involves extra scattering channels. Note that, in the general case, without an
exact solution we have no information about how this total reflection is distributed
between the low and high wavenumber channels represented, respectively, by |R1|2
and |kr2/kin||R2|2. However, by looking at the Λ series expansion of the reflected and
transmitted wavenumbers, we can draw some interesting conclusions about the regime
Λ≫ 1. Using (19), we obtain the following expansions for the relevant wavenumbers,
kin = −kr1 = ω +
ω3
2Λ2
+O(Λ−3),
kr2 = Λ−
ω2
2Λ
+O (Λ−2) , (21)
kt1 = ω − eΦ0 +
(ω − eΦ0)3
2Λ2
+O(Λ−3),
kt2 = Λ−
(ω − eΦ0)2
2Λ
+O (Λ−2) .
As mentioned before, all possible modes of the system are characterized by the same
conserved frequency ω. The momentum of each mode, on the other hand, is determined
by the wavenumber k and, therefore, is not the same for every mode. From the
expansions above, we note that kt2 , kr2 ∼ O(Λ) while kin, kr1, kt1 ∼ O(Λ0). In particular,
the difference between the high momentum modes kr2 and kt2 is kr2 − kt2 ∼ O (Λ−1).
If the potential is sufficiently smooth, this suggests that the creation of a pair of these
modes (kr2, kt2) should be favoured since it requires a negligible momentum change in
the system if Λ≫ 1.
It is also interesting to analyse the case of a non-smooth potential, by solving
the idealized problem of a step function, i.e. V (x) = eΦ0Θ(x) (see the appendix for a
discussion concerning the appropriate boundary conditions used at the discontinuity
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Figure 2. The reflection coefficient |R1|2 for the subluminal case as a function of
ω/eΦ0 calculated for the step potential V (x) = eΦ0Θ(x) with eΦ0 = 1. Note the
singular behaviour at ω = eΦ0/2, which is present even in the non-dispersive case.
This divergence is directly related to the discontinuity in V (x) and would be cured by
smoothing the step potential at x = 0.
point x = 0). In such a case, one can show that the reflection and transmission
coefficients are given by,
R1 =
(kin − kr2)(kin − kt1)(kin − kt2)
(kr2 − kr1)(kr1 − kt1)(kr1 − kt2)
,
R2 =
(kin − kr1)(kin − kt1)(kin − kt2)
(kr1 − kr2)(kr2 − kt1)(kr2 − kt2)
, (22)
T1 =
(kin − kr1)(kin − kr2)(kin − kt2)
(kr1 − kt1)(kr2 − kt1)(kt1 − kt2)
,
T2 =
(kin − kr1)(kin − kr2)(kin − kt1)
(kr1 − kt2)(kr2 − kt2)(kt2 − kt1)
,
where the wavenumbers k are explicitly given in (19). Note that the expressions above
are valid for any value of Λ, not only in the regime Λ≫ 1. In order to observe the effects
of the dispersive parameter, we plot the reflection coefficient |R1|2 as function of ω for
different values of Λ, see FIG. 2. Note that as we increase the dispersive effects (i.e. we
lower Λ), the reflection coefficient associated with kr1 decreases. We can also see in
FIG. 2 that the R1 channel even becomes non-superradiant for some frequencies in the
range 0 < ω < eΦ0. Of course, if we also include the other reflection channel, see FIG. 3,
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Figure 3. The total reflection coefficient |R1|2 + |kr2/kin||R2|2 as a function of
ω/eΦ0 for a subluminal dispersion relation. Calculations were performed assuming
a step potential V (x) = eΦ0Θ(x) with eΦ0 = 1. Note the enhancement effect in the
amplification caused by dispersion.
then the total reflection coefficient is always superradiant, as proven in (20). Note that
the presence of extra scattering channels even enhances the amplification process in
comparison with the non-dispersive case. This can be understood in the sense that the
amplifier is more effective if the number of ‘accessible’ channels increases.
Note also that the total reflection coefficient in the dispersive case is not
continuously connected with the non-dispersive regime. More precisely, as Λ is increased
in FIG. 3, the total reflection coefficient becomes larger and larger and moves away from
the non-dispersive coefficient (Λ =∞). A possible explanation for this behaviour resides
in the fact that the subluminal dispersion relation itself is not continuously connected
to the linear dispersion relation in the limit Λ→∞. In other words, the modes kr2 and
kt2 which are always absent in the non-dispersive case, will be present in the dispersive
regime no matter how large Λ is.
2.2. Superluminal scattering
Let us now turn our attention to the case of a superluminal dispersion. Once again, we
can understand much of the scattering process from the dispersion relation, see FIG. 4.
The main difference with the subluminal case is that now there are only two real roots in
either asymptotic regions, corresponding to one left-moving and one right-moving mode.
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Figure 4. The dispersion relation for the superluminal case shown in terms of
the dimensionless variables k/Λ and Ω/Λ. We have chosen here a frequency in the
superradiant interval 0 < ω < eΦ0. The blue dashed line corresponds to the dispersion
relation at x→ +∞ while the green dash-dotted line corresponds to the dispersion at
x→ −∞. The incident mode is indicated by a black square dot, the transmitted and
reflected modes by black circular dots and the remaining solutions of the dispersion
relation by white circular dots.
The other two solutions to the fourth order equation are imaginary roots, corresponding
to exponentially decaying and exponentially growing modes. Similarly to the subluminal
case, we are interested in the scattering of an incident low-frequency (0 < ω < eΦ0)
wave originating from x → −∞, which is converted into a reflected left-moving mode,
a transmitted right-moving mode and exponentially decaying modes (as a boundary
condition, we impose the fact that there can be no exponentially growing modes in the
asymptotic regions). Therefore, the solution of (10) corresponding to this scattering
process is given by
f →
{
eikinx +Reikrx + Ere
kerx, x→ −∞,
T eiktx + Ete
−ketx, x→ +∞,
(23)
where the coefficients R and T are related, respectively, to reflection and transmission
coefficients (see (25) below), and the coefficients Er and Et are the coefficients of the
exponentially decaying modes. The wavenumbers k in (23) are obtained directly from
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the dispersion relations (12) and (13),
kin = −kr = Λ√
2
√
−1 +
√
1 +
4ω2
Λ2
,
ker =
Λ√
2
√
1 +
√
1 +
4ω2
Λ2
, (24)
kt = − Λ√
2
√
−1 +
√
1 +
4(ω − eΦ0)2
Λ2
,
ket =
Λ√
2
√
1 +
√
1 +
4(ω − eΦ0)2
Λ2
.
The conservation of particle number current can be obtained by inserting (23)
into (17) and equating the generalized Wronskian at ±∞. Compared to the non-
dispersive result, one might expect extra terms related to the exponentially decaying
modes. However, these extra contributions are also exponentially decaying and,
therefore, their particle number currents are negligible at ±∞. As a consequence, one
obtains the following reflection coefficient (valid for 0 < ω < eΦ0),
|R|2 = 1 +
√
Λ2 + 4(ω − eΦ0)2
Λ2 + 4ω2
∣∣∣∣ ktkin
∣∣∣∣ |T |2 > 1, (25)
which, similarly to the subluminal case, is always greater than one. Note also that the
expression above reduces to the usual non-dispersive reflection coefficient (7) in the limit
Λ→∞.
Repeating the analysis used in the subluminal case, one can solve exactly the
problem for a step potential given by V (x) = eΦ0Θ(x). Using appropriate boundary
conditions at x = 0 (see the appendix), one can relate the coefficients in (23) to the
wavenumbers given in (24),
R =
(ikin + ket)(kin + iker)(kin − kt)
(ker − ikr)(kr − iket)(kr − kt) ,
Er =
(ikin + ket)(kin − kr)(kin − kt)
(ker + ket)(ker − ikr)(ker − ikt) , (26)
T =
(ikin − ker)(ket + ikin)(kin − kr)
(kr − kt)(kt − iker)(kt − iket) ,
Et =
(ikin − ker)(kin − kr)(kin − kt)
(ker + ket)(ket + ikr)(ket + kt)
.
Once again, it is useful to plot the reflection coefficient as a function of ω for different
values of the dispersive parameter Λ, see FIG. 5.
The results obtained for the scattering of sub and superluminal dispersive fields
in our 1+1-dimensional toy-model demonstrate that superradiance is possible and that
the amplification is enhanced due to the extra scattering channels in comparison with
Superradiant scattering of dispersive fields 13
0 0.2 0.4 0.6 0.8 1
0
2
4
6
8
10
12
14
16
18
20
ω / eφ0
|R|
2
 
 
Λ=∞
Λ=1
Λ=0.1
Λ=0.01
Figure 5. The reflection coefficient |R|2 for the superluminal case as a function of
ω/eΦ0 calculated for the step potential V (x) = eΦ0Θ(x) with eΦ0 = 1. Like in
the subluminal case, the divergence at ω = eΦ0/2 is caused by the discontinuity in
V (x) and would be absent if a smooth potential were used. Note the enhancement in
amplification due to dispersion.
non-dispersive superradiance. These results are interesting for experimental attempts
of detecting superradiance, since they indicate that dispersion may increase the ampli-
fication rates and, consequently, make the effect easier to observe.
3. Generalization to non-zero flows
Having in mind moving media in analogue models of gravity, we extend the ideas of the
previous section by including a position–dependent flow velocity W (x) in our model.
In other words, the medium where the scattering process takes place (fluid frame) is in
relative motion with respect to the observer (lab frame). If we require that the dispersion
relation be unaltered in the comoving frame of the fluid, the action (9) generalizes to
S =
∫
dtdx
{
[(∂t +W∂x − ieAt)φ]
[(
∂t −W∂x + ieAt
)
φ∗
]
+ (∂xφ) (∂
xφ∗)± 1
Λ2
(
∂2xφ
) (
∂2xφ
∗
)}
. (27)
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Consequently, the modified Klein–Gordon equation (8) generalizes to
∓ 1
Λ2
∂4xφ+ ∂
2
xφ+ (∂t − ieAt + ∂xW )
(
∂t − ieAt −W∂x
)
φ = 0, (28)
where the derivative operator ∂x is understood to act on everything to its right. It
is important to remark that the reference velocity c = 1 in such analogue systems
corresponds to the velocity of the scalar perturbations (e.g. the sound speed in
hydrodynamical systems). Usually, such velocities (and also W (x)) are much smaller
than the speed of light and, therefore, the system is nonrelativistic. For relativistic
analogue models of gravity, we refer the reader to [28, 29, 30].
After separation of variables, φ(t, x) = e−iωtf(x), the wave equation (28) becomes,
∓ 1
Λ2
d4f
dx4
+
d2f
dx2
+
(
ω − eV (x) + i d
dx
W (x)
)(
ω − eV (x) + iW (x) d
dx
)
f = 0, (29)
which can be written as
f ′′′′(x) + α(x)f ′′(x) + β(x)f ′(x) + γ(x)f = 0, (30)
where
α = ±Λ2 (1−W 2(x))
β = ∓Λ2 [2W (x)∂xW (x)− 2iW (x) (ω − eV (x))] (31)
γ = ±Λ2 [(ω − eV (x))2 + i∂x (W (x)(ω − eV (x)))] .
Observe that these coefficients are not independent but satisfy the following relations,
γ − γ∗ = 2iIm(γ) = iIm(∂xβ) = ∂x
(
β − β∗
2
)
, (32)
Re(β) = 1
2
(β + β∗) = ∂xα. (33)
We choose the functions W (x) and V (x) to be asymptotically constant,
W (x) =
{
0, x→ −∞,
W0, x→ +∞,
(34)
eV (x) =
{
0, x→ −∞,
eΦ0, x→ +∞,
(35)
so that, at ±∞, any solution to (29) can be decomposed into plane waves satisfying the
dispersion relation below,
k2 ± k
4
Λ2
=
{
ω2, x→ −∞,
(ω − eΦ0 − kW0)2 , x→ +∞,
(36)
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where the ± stands for super and subluminal respectively. As previously, we work under
the assumption that ω, eΦ0 ≪ Λ.
Similarly to the zero-flow case, we can obtain a conserved quantity by calculating
the x-component of the Noether current associated with the symmetry φ→ eiαφ. After
separating the temporal dependence in φ, one can show that a modification of (14),
namely
Z = W1 +W2 + αW3 − i Im(β)|f |2, (37)
and the corresponding scaled quantity X = Z/(2iΛ2) are independent of x. The action
of the functional X on a linear combination of ‘on-shell’ plane waves takes precisely the
same form as in the zero-flow case, see (17) (the only difference is that the effective
frequency is now given by Ω = ω − eV − kW instead of Ω = ω − eV ). This result
highlights the generality of the algebraic structure of the particle number currents given
by (17). Additionally, the existence of superradiance in the zero-flow case was related to
the condition that ω− eΦ0 < 0. We can anticipate that the occurrence of superradiance
in non-zero flows will be favoured by modes for which ω − eΦ0 − kW0 < 0.
3.1. Subluminal dispersion
Let us consider first the case of a subluminal dispersion relation. As shown in FIG. 6 (red
solid curve), for fixed eΦ0/Λ < W0 < 1, there are two distinct intervals of frequencies
separated by a critical frequency ωcrit < eΦ0 in which we expect superradiance: for
0 < ω < ωcrit (region I) two propagating modes are admitted, both right-moving in the
lab frame; for ωcrit < ω < eΦ0 (region II) there are four real roots of the dispersion
relation corresponding to four propagating modes, three right-moving and one left-
moving (with respect to the lab-frame). Note that the requirement that W0 is not too
small, specifically W0 > eΦ0/Λ, is necessary in order to guarantee that the left-most
root in region I (i.e. the circular dot labeled kt2 in region I of FIG. 6) has positive group
velocity and hence defines a true transmitted mode. If 0 < W0 < eΦ0/Λ, the situation is
basically the same as the one discussed in section 2.1. On the other hand, ifW0 > 1 (see
the black dashed curve in FIG. 6), there is only one possible regime: for all frequencies
0 < ω < eΦ0, two right-moving modes are admitted.
An interesting fact is that, due to the absence of left-moving modes at +∞ when
ω < ωcrit, this system is a model for the event horizon of an analogue black hole with
modified dispersion relations. However, the precise location of the horizon, besides being
ω-dependent, is also rather ill-defined, relying on a global solution to the equation of
motion in the vicinity of a classical turning point. This region can be studied by WKB
methods and Hamilton–Jacobi theory [31], but it is not of specific interest to us here.
According to the analysis above, the scattering of an incoming wave from −∞ will
result in transmission through two or three channels, depending on whether ω < ωcrit
or not. An exact solution to the scattering problem can be decomposed as
f →
{
eikinx +R1e
ikr1x +R2e
ikr2x, x→ −∞,
T1e
ikt1x + T2e
ikt2x, x→ +∞,
(38)
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Figure 6. The subluminal dispersion curve in the lab frame (Λ = 1, eΦ0 = 0.4)
at x → +∞ for two different flow velocities: eΦ0/Λ < W0 < 1 (red solid curve)
and W0 > 1 (black dashed curve). The coloured regions described in the text are
associated with the red solid curve: region I (green, 0 < ω < ωcrit), region II (blue,
ωcrit < ω < eΦ0), and region III (light red, non-superradiantly scattering region).
The intersections of the horizontal lines with the red solid curve and the black dashed
curve indicate transmitted modes at that frequency. Note that, when x → −∞, the
dispersion is described by the green dash-dotted curve of FIG. 1.
when 0 < ω < ωcrit (if W0 < 1) or 0 < ω < eΦ0 (if W0 > 1) and as
f →
{
eikinx +R1e
ikr1x +R2e
ikr2x, x→ −∞,
T1e
ikt1x + T2e
ikt2x + T3e
ikt3x, x→ +∞,
(39)
when ωcrit < ω < eΦ0 (only possible if W0 < 1). The wavenumbers kin, kr1 and kr2
are given by (19) and are labeled in FIG. 1, while the transmitted wavenumbers are
not, in general, expressible as simple functions of the parameters. Note that we do not
explicitly keep track of possible exponential decaying solutions in (38) (corresponding
to complex solutions to the dispersion relation), since they do not contribute directly
to (40).
We insert the solutions (38) and (39) into the functional X of (17) and find,
after algebraic manipulations, the following relationship between the transmission and
reflection coefficients,
|R1|2 +
∣∣∣∣kr2kin
∣∣∣∣ |R2|2 = 1− Λ√Λ2 − 4ω2
(∑
n
vgn
kin
(ω − eΦ0 − ktnW0) |Tn|2
)
, (40)
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where the sum is over all (2 or 3, depending on ω and W0) transmission channels. Here,
vgn = vg(ktn) are the group velocities of the transmitted modes at +∞. The LHS of (40)
can be interpreted as the total reflection coefficient associated with the incident modes.
Since the group velocities vgn of the transmitted modes are, by definition, always
positive, the sign of the contribution from each channel ktn to the RHS of (40) is
determined by the factor Ω(k) = ω − eΦ0 − kW0 evaluated at ktn , as we anticipated
previously. When only two transmission channels are admitted, one of the two factors
Ω(k) is strictly negative while in the case of three transmission channels, two of the
three factors Ω(k) are strictly negative. Therefore, in both situations there is one root
which contributes an overall negative amount to the RHS of (40) and thus reduces
the magnitude of the total reflection. Because of these troublesome modes, the RHS
is not strictly greater than 1 and we cannot straightforwardly conclude superradiance.
In general, in order to fully answer the question of superradiance, one would need to
specify W (x) and V (x) in all space and solve for the coefficients Rn and Tn.
Large Λ approximation: To better understand the relation between (40) and
superradiance, we now focus on small deviations (Λ≫ 1) from the non-dispersive case.
For fixed W0 < 1, the size of region I in FIG. 6 becomes zero when Λ is greater then
eΦ0 [2(1−W0)/3]−2/3. We therefore assume that the frequency ω lies in region II, where
three transmission and two reflection channels are available, see (39). As explained
above, in the most general case one would need to solve the equation of motion for all
x in order to conclude superradiance or not from (40).
Similarly to the zero flow case, by looking at the series expansions of the relevant
wavenumbers, we can make useful predictions about the transmission coefficients in this
Λ≫ 1 regime. We start the analysis by solving (36) in the asymptotic region x→ +∞
and expressing the obtained transmitted wavenumbers as power series in Λ,
kt1 =
ω − eΦ0
1 +W0
+
1
2
(ω − eΦ0)3
(1 +W0)4
Λ−2 +O(Λ−4), (41)
kt2,3 = ±Λ
√
1−W 20 +W0
ω − eΦ0
1−W 20
+O (Λ−1) . (42)
The series expansions of the incident wavenumber kin and of the reflected wavenumbers,
kr1 and kr2 , are given, as previously, by (21). From these Λ expansions, we note that,
unless W0 ∼ 1, we have kt2,3 , kr2 ∼ O(Λ) and kin, kr1, kt1 ∼ O(Λ0). However, unlike
in the zero-flow case, the difference between the high momentum transmitted modes
kt2,3 and the high momentum reflected modes kr2 is not negligible for Λ ≫ 1, being
O (Λ). Hence, the appearance of such modes requires a large momentum change in our
system. Therefore, if the potential is sufficiently smooth, we expect the conversion of
incident modes kin into transmitted modes kt2 and kt3 and into reflected modes kr2 to
be disfavoured in comparison with the low momentum transmission/reflection channel
involving kt1 and kr1 . In other words, we expect that the Wronskian condition (40) will
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include only the low momentum channel, i.e.
|R1|2 = 1− ω − eΦ0
ω
|T1|2. (43)
From this relation for the reflection coefficient, we would conclude that
superradiance occurs for all frequencies in region II (ωcrit < ω < eΦ0) when Λ ≫ 1.
Note that this conclusion certainly does not hold in the case of a general dispersive
parameter. If the condition Λ ≫ 1 is not satisfied, there can be a mixture between
the high and low momentum channels. Consequently, as discussed before, the total
reflection coefficient given by (40) is not necessarily larger than one. In such a case,
a definite answer about superradiance can only be obtained by solving the differential
equations at every spatial point x.
Having analyzed the case ofW0 < 1, let us now fixW0 > 1 and assume 0 < ω < eΦ0.
As discussed previously, there are two transmission and two reflection channels available
when W0 > 1 and the scattering problem is now described by (38). Since we are
interested in the regime of large Λ, we calculate the wavenumber of the transmitted
modes up to next-to-leading order terms,
kt1 =
ω − eΦ0
1 +W0
+
1
2
(ω − eΦ0)3
(1 +W0)4
Λ−2 +O(Λ−4),
kt2 =
ω − eΦ0
W0 − 1 −
1
2
(ω − eΦ0)3
(W0 − 1)4 Λ
−2 +O(Λ−4). (44)
By direct substitution of these expressions into (40), one can straightforwadly determine
the reflection coefficient in powers of Λ,
|R1|2 +
∣∣∣∣kr2kin
∣∣∣∣ |R2|2 = 1− ω − eΦ0ω (|T1|2 − |T2|2) , (45)
plus terms of O (Λ−2). Note that this second channel T2 is present even in the absence
of dispersion, being an upstream mode which is swept downstream by a superluminal
flow. From the equation above, it also becomes evident that the relation between the
norms |T1| and |T2| of the two transmission channels determines the occurrence or not
of superradiance.
Critical case: An interesting situation to be analyzed is the critical case ω = ωcrit,
which corresponds to the boundary between regions I and II in FIG. 6. In this scenario,
the background flowW0, when expanded in powers of Λ, relates to the critical frequency
according to the following expression,
W0 = 1− 3
2
(ωcrit − eΦ0)
2
3 Λ−
2
3 +O
(
Λ−
4
3
)
. (46)
Note that the previous analysis leading to (43) relied on series expansions (see (42))
which are not valid when W0 − 1 ∼ O
(
Λ−
2
3
)
. Therefore, in order to analyze the
possibility of superradiance in the critical case, we cannot use (43); instead, we have to
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Figure 7. The subluminal dispersion relation in the fluid frame at the critical
frequency. The blue dashed line represents the effective frequency Ω = ωcrit−eΦ0−kW0
at x→ +∞.
start from the original Wronskian relation (40). In the critical regime, the dispersion
relation (see FIG. 7) has three distinct solutions. Two of these solutions, denoted by
kt1 and kt2 , have positive group velocities in the lab frame and, therefore, are identified
as transmitted modes. The other solution, denoted by k0, is a degenerate double root
and, consequently, has a vanishing group velocity in the lab frame. In order to obtain
the reflection coefficient for the scattering problem, we first expand kt1 and kt2 as power
series in Λ,
kt1 =
ω − eΦ0
2
+
3
8
(ω − eΦ0)
5
3 Λ−
2
3 +O
(
Λ−
4
3
)
, (47)
kt2 = −2 (ω − eΦ0)
1
3 Λ
2
3 +O(1),
and then substitute the obtained expressions into (40). The final result is given by
|R1|2 +
∣∣∣∣kr2kin
∣∣∣∣ |R2|2 = 1− ω − eΦ0ω (|T1|2 − 3 |T2|2) , (48)
plus terms of order O
(
Λ−
2
3
)
. Observe again the importance of the relative sign of
the norm in the two transmission channels. Note that the scattering process converts
incident modes with wavenumber kin ≈ ω + O(Λ−1) into transmitted modes of large
wavenumber kt2 ≈ O(Λ
2
3 ), which can only be balanced by the high momentum reflected
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modes kr2 ≈ O (Λ). Another possibility is the conversion of the incident modes
kin ≈ ω + O(Λ−1) into transmitted modes of wavenumber kt1 ≈ (ω − eΦ0)/2, which is
comparable to the low momentum kr1 channel. Because of the high momentum change
required by the second channel (involving kr2 and kt2), we expect the first channel
(involving kr1 and kt1) to be favoured in our scattering experiment. Since ωcrit < eΦ0,
we therefore deduce that the RHS of (48) is always greater than one in the limit Λ≫ 1.
In other words, low-frequency waves in the critical regime are superradiantly scattered
in our toy-model if small subluminal corrections are added to the dispersion relation.
3.2. Superluminal dispersion
We now turn to superluminal scattering processes, which can be quite different compared
to subluminal ones since there does not exist any notion of a horizon or mode-
independent blocking region for high momentum incident modes (the group velocity
dω/dk is unbounded as a function of k and only the low frequency modes which
possess quasilinear dispersion experience a blocking region in such flows). We will follow
the standard treatment [31] of analogue black holes with superluminal dispersion and
analyze the transmission of an incoming wave from −∞ through to +∞.
The relevant dispersion relation in the superluminal case is depicted in FIG. 8.
Given a superluminal flow W0 > 1 (solid red curve in FIG. 8), there exists an interval of
frequencies 0 < ω < ωcrit (region I in FIG. 8) for which only two propagating modes are
admitted, one right-moving and one left-moving in the lab frame. For ωcrit < ω < eΦ0
(region II in FIG. 8), however, there are four propagating modes, two transmitted right-
movers and two left-movers. The third possibility is a subluminal flow W0 < 1 with
0 < ω < eΦ0, for which there are always two propagating modes (see the black dashed
curve in FIG. 8).
Let us discuss first the cases in which only two propagating modes are available in
the asymptotic limit x → +∞. Hence, the scattering is produced by an incident wave
from −∞ whose frequency ω satisfies 0 < ω < ωcrit (if W0 > 1) or 0 < ω < eΦ0 (if
W0 < 1). Note that exactly one of these two propagating modes is a left-moving mode.
Imposing the boundary condition that no incoming mode is allowed at +∞, we obtain
the solution of (29) corresponding to the scattering problem,
f →
{
eikinx +Reikrx, x→ −∞,
T1e
ikt1x, x→∞,
(49)
plus exponentially decaying channels which do not contribute directly to the generalized
Wronskian current calculated at x → ±∞. Note that the wavenumbers kin and kr are
the same ones that appear in (24) for the superluminal W = 0 case and the wavenumber
kt represents the only available transmission channel.
On the other hand, if W0 > 1 and the frequency ω of the incident wave satisfies
ωcrit < ω < eΦ0 (region II in FIG. 8), then there are, in principle, two extra propagating
channels available (four in total, as discussed above). However, because of the boundary
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Figure 8. The superluminal dispersion curve in the lab frame (Λ = 1, eΦ0 = 1.5) at
x→ +∞ for two different flow velocities: W0 > 1 (red solid curve) and W0 < 1 (black
dashed curve). The intervals of frequency indicated refer to the red solid curve: region
I (green, 0 < ω < ωcrit), region II (blue, ωcrit < ω < eΦ0) and region III (light red,
non-superradiant region). The intersections of the horizontal lines with the red solid
and the black dashed curves indicate transmitted modes at that frequency. Note that,
when x→ −∞, the dispersion is described by the green dash-dotted curve of FIG. 4.
condition imposed at x→ +∞, only one extra transmission channel has to be considered
(the other extra channel is always left-moving at x→ +∞). The scattering solution is
then given by
f →
{
eikinx +Reikrx, x→ −∞,
T1e
ikt1x + T2e
ikt2x, x→∞,
(50)
where kin and kr are again given by (24) and kt1 and kt2 are the wavenumbers of the
transmitted modes. Note that we have once again omitted the exponential decaying
mode at x→ −∞ since it does not affect directly the generalized Wronskian.
Using (17) to evaluate the functional X in both asymptotic regions, we obtain,
similarly to the subluminal case, the following relation between the reflection and
transmission coefficients,
|R|2 = 1− Λ√
Λ2 + 4ω2
(∑
n
vgn
kin
(ω − eΦ0 − ktnW0) |Tn|2
)
, (51)
where the sum is over one or two transmission channels, depending on ω and whether
W0 > 1 or W0 < 1. Here, vg1 and vg2 are the group velocities of the transmitted modes
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kt1 and kt2 , which are always positive by definition. Furthermore, it is possible to show,
for frequencies 0 < ω < eΦ0, that the effective frequency Ω = ω− eΦ0−ktnW0 is always
negative for kt1 modes and always positive for kt2 modes. Therefore, since only the
n = 1 transmission channel is available for frequencies lying in region I of FIG. 8, we
conclude that the RHS of (51) is greater than 1 and, therefore, the scattering is always
superradiant.
The situation for W0 < 1 and 0 < ω < eΦ0 is similar: only the first transmission
channel is available and superradiance always occurs. However, for frequencies located
in region II, we cannot so easily conclude superradiance since the extra transmission
channel kt2 contributes an overall negative factor in (51). To obtain a conclusive answer,
one would need to know the detailed structure of W (x) and V (x) in the intermediate
regime and solve the equations not only in the asymptotic regions but at every point x.
Large Λ approximation: In order to better understand the scattering of an incident
wave whose frequency is located in region II of FIG. 8, we shall consider small deviations
from the non-dispersive limit, i.e. Λ ≫ 1. In such a case, we can expand the two
transmission channels, kt1 and kt2 , in powers of Λ,
kt1 =
ω − eΦ0
1 +W0
− 1
2
(ω − eΦ0)3
(1 +W0)4
Λ−2 +O(Λ−4), (52)
kt2 =
ω − eΦ0
W0 − 1 +
1
2
(ω − eΦ0)3
(W0 − 1)4 Λ
−2 +O(Λ−4), (53)
and substitute the obtained wavenumbers into (51) in order to determine the reflection
coefficient for the scattering,
|R|2 = 1− ω − eΦ0
ω
(|T1|2 − |T2|2)+O (1/Λ2) . (54)
Since we assume ω < eΦ0 in region II, this reflection coefficient is larger than 1 whenever
|T2| < |T1|. As explained above, whether this condition is satisfied or not in a general
model would depend on the detailed structure of W (x) and V (x) in the intermediate
regime [31]. From a practical point of view, in order to maximize the potential for
superradiance in an experiment with a superluminally dispersive medium, one should
choose the asymptotic flow W0 as small as possible while still being superluminal
(W0 > 1) as this would minimize the size of region II and the extra positive-effective-
frequency transmission channels therein.
Choosing the flow as such to maximize the T1 channel is also consistent with our
intuition that scattering favors the channel which most closely matches the momentum
of the reflected mode; in this case the wavenumber kt1 is closer to kr than kt2 is. This
prediction is confirmed in the step function model for which V (x) = eΦ0Θ(x) and
W (x) = W0Θ(x). In such a case, one can impose the appropriate boundary conditions
at x = 0 discussed in the appendix to obtain the following reflection and transmission
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coefficients,
R =
eΦ0 + ω(W0 − 1)
ω(W0 + 1)− eΦ0 +O
(
Λ−1
)
, (55)
T1 =
ω(W0 + 1)
ω(W0 + 1)− eΦ0 +O
(
Λ−1
)
, (56)
T2 =
ω(W0 − 1)
ω(W0 + 1)− eΦ0 +O
(
Λ−1
)
. (57)
We can also show that the coefficient correponding to the omitted exponential decaying
mode in (50) is of order O (Λ−2).
Comparing T1 and T2 above and using the fact that W0 > 1, one can see
that |T1| > |T2| at zeroth order in Λ, which implies superradiance and confirms our
expectations. Alternatively, one can verify the occurence of superradiance by directly
analyzing the reflection coefficient R above. It is straightforward to see that |R2| > 1
at lowest order in Λ.
Critical case: Another interesting possibility that we now consider in detail is the
critical regime ω = ωcrit. This situation corresponds to the boundary between regions I
and II in FIG. 8 and is depicted, in the fluid frame, in FIG. 9. The relation between the
background flow W0 and the critical frequency ωcrit is given by the following expression,
W0 = 1 +
3
2
(ωcrit − eΦ0)
2
3 Λ−
2
3 +O
(
Λ−
4
3
)
. (58)
Note that, since W0−1 ∼ O
(
Λ−
2
3
)
, the Λ expansion (54) of the generalized Wronskian
obtained previously is not valid in the present case (check the denominators in (53)).
Consequently, we shall need different Λ expansions in order to obtain an appropriate
expression for the reflection coefficient.
Like in the critical subluminal case, the dispersion relation has three distinct roots:
the double root k0 (with vanishing group velocity in the lab frame), a right-moving mode
(with negative group velocity in the lab frame) and a transmitted mode (with positive
group velocity in the lab frame) whose wavenumber kt is given by
kt =
ω − eΦ0
2
− 3
8
(ω − eΦ0)
5
3 Λ−
2
3 +O
(
Λ−
4
3
)
. (59)
Applying as a boundary condition the fact that only right moving modes are allowed at
+∞, we obtain, after substituting the relevant quantities into (51), the relation between
the reflection and transmission coefficients for the scattering process,
|R|2 = 1− ω − eΦ0
ω
|T |2 +O
(
Λ−
2
3
)
. (60)
Since ωcrit < eΦ0, we conclude that the RHS of the equation above is always greater than
one when Λ ≫ 1. In summary, superradiance is expected to occur in the superluminal
critical case for small deviations from the non-dispersive regime.
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Figure 9. The superluminal dispersion relation in the fluid frame at the critical
frequency. The blue dashed line represents the effective frequency Ω = ωcrit−eΦ0−kW0
at x→ +∞.
3.3. Inertial motion superradiance
Throughout this paper, inspired by the usual condition for rotational superradiance in
the black hole case, i.e. ω−mΩh < 0, we analyzed only scattering problems in which the
frequency of the incident mode satisfies ω − eΦ0 < 0. However, since it is the effective
frequency Ω that appears in (17), we conclude that the amplification of an incident
mode can also occur for ω− eΦ0 > 0 given that ω− eΦ0− kW0 < 0. In particular, even
when Φ0 = 0 superradiant scattering will be possible. However, being due exclusively
to inertial motion in the system, this kind of superradiance is outside the scope of our
work. In fact, inertial motion superradiance has long been known in the literature as
the anomalous Doppler effect and the condition for negative effective-frequency modes
is referred to as the Ginzburg-Frank condition [32]. Several phenomena in physics, like
the Vavilov-Cherenkov effect and the Mach cones (which appear in supersonic airplanes)
can be understood in terms of inertial motion superradiance [18]. For a detailed analysis
of inertial motion superradiance, we refer the reader to [18].
4. Applications: axisymmetric systems
Having analyzed superradiance in simple 1+1-dimensional toy models with modified
dispersion relations, we will now discuss how the ideas presented in this paper can
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be generalized to more realistic situations based on analogue models of gravity. Our
starting point is a general 2+1-dimensional, axisymmetric and irrotational fluid flow
with background velocity v given by
v ≡ vr(r)rˆ+ vφ(r)φˆ = −A
r
rˆ+
B
r
φˆ, (61)
where A and B are constants and (r, φ) are the usual polar coordinates. Velocity
perturbations δv of the background flow can be conveniently described by a scalar
field ψ, which relates to δv through equation δv = ∇ψ. We denote the propagation
speed of these perturbations by c. The idea of analogue gravity is derived from the
observation that the differential equation satisfied by the perturbations ψ, i.e.
− (∂t +∇ · v) (∂t + v · ∇)ψ + c2∇2ψ = 0, (62)
can be cast into a Klein–Gordon equation in an effectively curved spacetime geometry.
This connection between hydrodynamics and gravity is responsible for many important
results, see [2] for a detailed review.
One of the successes of Unruh’s [1] original idea of using sound waves to study
gravitational phenomena is that it can be extended to many other physical systems,
like gravity waves in open channel flows [33] and density perturbations in Bose-Einstein
condensates [34]. An important feature of such systems is that (62) is only accurate in
certain regimes; at sufficiently small distance scales (e.g. wavelengths comparable to the
fluid depth in open channels), the dispersion relation is not linear anymore and (62) has
to be replaced by¶
− (∂t +∇ · v) (∂t + v · ∇)ψ + c2∇2ψ = ∓ 1
Λ2
∇4ψ, (63)
where Λ is a dispersive parameter and the upper (lower) sign corresponds to subluminal
(superluminal) dispersion.
Even though superradiance has been subjected to extensive studies in the linear
regime of analogue models, it has never been analysed before in the context of modified
dispersion relations, as opposed to Hawking radiation (see e.g. [2] and references therein).
The remarkable fact about the toy models introduced in this paper is that they can
be used to analyze superradiance in realistic dispersive analogue models of gravity
satisfying (63).
Firstly, the electromagnetic interaction term eΦ0 appearing in our toy models
is analogous to the rotational term mΩ in axisymmetric analogue models, where
m is the azimuthal number and Ω is the angular velocity. It is interesting to
note that this duality is manifest in real black holes: both electromagnetic [35]
and rotational [25] superradiance are possible. Another essential ingredient for the
occurrence of superradiance in analogue models of gravity is the presence of an event
¶ Note that this equation includes only fourth order corrections. A full description of the system will
possibly include also higher order terms.
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horizon, which allows no mode to escape from inside the analogue black hole. In our
toy model, such behaviour is mimicked by an appropriate boundary condition imposed
in the asymptotic limit x→∞.
It is also important to address the usefulness of the generalized Wronskian (37)
in the context of axisymmetric systems. More precisely, we are going to show that,
if all derivatives with respect to x are replaced by derivatives with respect to r, then
the Wronskian (37), when applied to solutions of (63), is independent of r. Indeed, by
applying the ansatz ψ = (H(r)/
√
r) eimφe−iωt, we are able to separate (63) and are left
with a radial equation for H ,
H ′′′′(r) + α(r)H ′′(r) + β(r)H ′(r) + γ(r)H = 0, (64)
where the coefficients α(r), β(r) and γ(r) are given by
α =
1− 4m2
2r2
± Λ2(c2 − v2r),
β =
4m2 − 1
r3
± Λ2
(
P (r)− c
2 − v2r
r
)
, (65)
γ =
25
16r4
− 13m
2
2r4
+
m4
r4
± Λ2
(
3
4
c2 − v2r
r2
− P (r)
2r
+Q(r)
)
.
The functions P (r) and Q(r) appearing in the coefficients above are, up to a factor
(c2 − v2r), the same functions P and Q defined in Refs. [36, 37]. They can be expressed
as
P =
c2
r
d
dr
[ r
c2
(c2 − v2r)
]
+ 2ivr
(
ω − mB
r2
)
,
Q =
(
ω − mB
r2
)2
− m
2c2
r2
(66)
+ i
c2
r
d
dr
[
rvr
c2
(
ω − mB
r2
)]
,
where the upper (lower) sign corresponds to subluminal (superluminal) dispersion.
Finally, we note that (64) is exactly the same as (30) and, more remarkably, that the
coefficients α, β, γ above satisfy conditions (32) and (33). Consequently, the generalized
Wronskian defined in (37) can also be used in the context of axisymmetric analogue
models of gravity, thus completing the connection between our toy models and realistic
physical systems.
5. Summary and final remarks
We have proposed idealized systems to investigate multi superradiant scattering
processes that are applicable to sub and superluminal dispersive fields. Perhaps the
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most important theoretical result obtained is related to the simplicity of the analytic
expression for the particle number currents Jn of the scattering channels n (see (17)),
Jn = |An|2 Ω|±∞
dω
dk
∣∣∣∣
kn
. (67)
Notice that the expression above depends only on the amplitude, group velocity and
effective frequency of the particular scattering channel. Moreover, this result is universal
to all scattering processes discussed in this paper. Note also that, in principle, we could
have normalized the modes so that the group velocity in (67) is absorbed into the
coefficients An. Doing that would make the conservation equations (see e.g. (20)) look
much simpler. However, their dependence on the dispersive parameter Λ would then
also be hidden in these new coefficients.
Our findings link to standard scattering processes, allowing a deeper insight into
superradiance. Let us consider scattering of up to four incident modes by a general
scattering potential. There are up to four channels to the left {a, b, c, d} and four to the
right {A,B,C,D} of the scattering potential. As a lesson from the analysis carried out
before, one needs to be careful when assigning the propagation direction of each mode
since its group velocity is dependent on the particular scattering potential and type of
dispersion, see FIG. 10. Furthermore, as long as the scattering potential is real, the
total current to the left equals the total current to the right of the potential,
Ja + Jb + Jc + Jd = JA + JB + JC + JD . (68)
The scattering potential is amplifying classical and quantum field excitations if, at
d
b
a
c
D
B
C
A
J
J
J
J
J
J
J
Jscattering potential
Figure 10. The scattering processes for sub and superluminal dispersive fields, with
two low (red solid) and two high (blue dashed) momentum degrees on each side of
the potential, are represented by a general scattering process whose particle number
currents are given by (67).
the left side of the potential, the total outflux (i.e. the reflected current) is larger then
the total in-flux, J reftotal > J
in
total. There are several scattering coefficients that can be
considered: the reflection coefficient in each individual scattering channel,
Pn =
J refn
J in
total
, (69)
and the total reflection coefficient,
Ptotal =
J reftotal
J in
total
=
∑
n J
ref
n
J in
total
. (70)
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A sufficient, but not necessary, condition for superradiance, is to demand no influx from
the right and to strictly require negative effective frequency for the remaining channels
to the right —these conditions arise naturally at the event horizon of a rotating black
hole. A surprising result of our analysis is that the presence of extra scattering channels
can enhance the amplification effect. In FIG. 11, we illustrate the scattering diagrams
for some of the examples discussed in the paper.
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Figure 11. Schematic representation of some of the scattering processes investigated
in the paper. The arrows indicate the group velocity propagation. The particle number
current direction is related to the relative sign between this group velocity and the
effective frequency Ω. This information, together with (68), can help determine if
superradiance occurs or not.
In addition, the present work can be related to recent experimental realizations of
analogue black holes, some of which have even studied the Hawking emission process. In
particular, [9] exhibits the first detection of the classical analogue of Hawking radiation
using dispersive gravity waves in an open channel flow. One of the most important
lessons to be learned from that work is that even though vorticity and viscosity
effects cannot be completely removed from the experimental setup, they can be made
extremely small. In fact, they can be reduced to the point that the results predicted by
the irrotational and inviscid theory match the results obtained experimentally with
considerable accuracy. Based on this fact, together with our present results, one
might ask whether superradiance occurs (and can be observed) in the laboratory using
dispersive gravity waves. The connection between such system and our analysis can be
seen directly from the full dispersion relation for gravity waves in a fluid of constant
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depth h [38],
ω2(k) =
(
gk +
σ
ρ
k3
)
tanh (kh)
= ghk2 −
(
gh3
3
− σh
ρ
)
k4 +O (k6) , (71)
where g is the gravitational acceleration and σ and ρ correspond, respectively, to the
surface tension and the density of the fluid. If first-order deviations from the shallow
water limit (kh≪ 1) are considered, we recover the quartic dispersion relation analyzed
in this paper.
In other words, non-shallow gravity waves impinging on a rotating analogue black
hole (e.g. a draining ’bathtub’ vortex) satisfy (63) with c2 = gh and a dispersive
parameter Λ−2 = |gh3/3− σh/ρ|. Based on the existent analysis of superradiance of
linear fields in open channel flows [33, 37] together with our discussion in Section 4,
we expect superradiance to also be manifest for non-shallow gravity waves. This
relation between dispersion and superradiance in open channels is currently being further
investigated by the authors and will be the subject of a future work.
Another class of analogue black holes, which was recently set up in the laboratory [6]
and which might be used in the future to produce superradiant scattering processes,
consists of Bose-Einstein condensates [34, 2]. The analogy with gravity arises when
one considers the Gross-Pitaevskii equation and uses the Madelung representation of
the condensate wave function. If the eikonal approximation is used and axisymmetry
is assumed, it is possible to show that perturbations around a background condensate
obey a superluminal dispersion relation given by
ω2 = 4π~2
n0a
m2
k2 +
(
~
2m
)2
k4, (72)
where m is the mass of a single boson, a is the scattering length and n0(r) is the
background density. Such perturbations are described by (63) with c2 = 4π~2n0a/m
2
and Λ = 2m/~. Based on our work, the most obvious conclusion we can draw is to
expect superradiance to be manifest also in low-frequency BEC scattering experiments.
However, since the dispersion relation is superluminal, there is no notion of a mode
independent blocking region (see section 3.2) and, consequently, it is not clear if
the appropriate boundary conditions will be sufficient to guarantee superradiance.
Additionally, quantized vortices may be present in such systems, restricting the angular
momentum to integer multiples of ~. The physics of these quantized vortices with respect
to superradiance and instabilities is also unclear at this point and more investigation is
needed to understand their role in possible BEC scattering processes.
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Appendix
Throughout this paper we solve simple models based on step functions for the external
potential V (x) = eΦ0Θ(x) and for the background velocity W (x) = W0Θ(x), where
Θ(x) is the Heaviside function. Since this function is characterized by a discontinuity
at x = 0, it is important to analyze what happens to the wavefunction, i.e. the solution
to (10) or (30), at x = 0. The same problem arises in 1D tunneling problems in quantum
mechanics when the potential barrier in the Schro¨dinger equation is modelled by a step
function. In such situations, one has to impose the continuity of the wavefunction and
its first derivative at the discontinuity point in order to determine the reflection and the
transmission coefficients.
Let us first consider (10), which is valid only for zero background flows. Following
the standard procedure used in quantum mechanics (see e.g. [39]), we integrate the
differential equation over a small region (−ǫ,+ǫ) around the discontinuity x = 0 and
then take the limit of the obtained expression as ǫ→ 0. Starting from (10) and repeating
this procedure three times, one can show that f(x) and its derivatives up to third order
are all continuous at x = 0.
We also have to deal with the generalization to non-zero flows, given by (30). The
situation now is more complicate since the differential equation involves derivatives of
Θ(x) (i.e. delta functions). Repeating the procedure described above, one can show that
the function f and its first order derivative are still continuous at x = 0. The continuity
of the second and third order derivatives, because of the delta functions, now depends
on Θ(0), i.e. it depends on the choice of the flow velocity and of the external potential
exactly at x = 0. Using the half-maximum convention of Θ(0) = 1/2, we can further
prove that the second order derivative f ′′(x) is also continuous at x = 0 and that the
third order derivative satisfies the following relation,
f ′′′(0+)− f ′′′(0−) = Λ2W 20 f ′(0) (.1)
− iΛ2W0(ω − eΦ0)f(0).
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